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Abstract 

Let / be a dominating meromorphic self-map of large topological 
degree on a compact Kahler manifold. We give a new construction 
of the equilibrium measure [i of / and prove that \x is exponentially 
mixing. Then, we deduce the central limit theorem for Lipschitzian 
observables. 

1 Introduction 

Let (X, u) be a compact Kahler manifold of dimension k. The Kahler form 
uj is normalized by j u k = 1. Consider a dominating meromorphic self-map 
/ on X, i.e. a map whose image contains a Zariski open set. We assume that 
the topological degree d t of / is strictly larger than the dynamical degree 
c?fc_i of order k — 1. For such a map, one knows that d~[ n f n *{uj k ) converges 
to an invariant measure fi. The measure fi is the unique measure of maximal 
entropy and does not charge pluripolar sets. Two different constructions of 
H are given in [TBI EI- See also [2312311] for the case of projective spaces, jB] 
for polynomial-like maps and ^3 123 El E] for the bounds of the entropy. 

The dd c -method that we used in different situations (3 13 113 HI] leads 
us to precise controls of the convergence. For the maps that we consider, 
it allowed to prove that fi is exponentially mixing for q.p.s.h. observables; 
in particular, for C 2 observables. We then deduce the central limit theorem 
(CLT for short) via a classical result of Gordin-Liverani. See [T3| for holo- 
morphic endomorphisms of P fc , [H^] an d the references therein for the case 
of dimension 1. 
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In this article, we develop another method (d-method) which gives a new 
construction of the measure \i and allows to prove analogous statistical results 
for Lipschitzian observables. We obtain in particular the following result. 

The measure /i is exponentially mixing in the following sense: for every e > 0, 
there exists a constant A e > such that 

(V> o f n )(p) - (p)\ < A e ||viUMIii P (4-i + e)" /2 d t ~ n/2 

for all n > 0, every function ip e L°°(/i) and every Lipschitzian function p. 
In particular, if a real-valued Lipschitzian function <p is not a coboundary 
and verifies (fi, ip) = then it satisfies the CLT theorem. 

This result is in fact valid for a larger space of test functions (Theorem 6.1 
and Corollary 6.2). We recall in Section 2 the Gordin-Liverani theorem, 
in Section 3 some properties of the Sobolev space W 1,2 . The space of test 
functions W}' 2 and a subspace W^ 2 are introduced in Section 4. This is the 
key point of the method. The new space W}' 2 seems to be useful for complex 
dynamics in several variables. In complex dimension 1 it coincides with the 
space W 1,2 . In higher dimension it takes into account, the fact that not all 
currents of bidegree (1, 1) are closed. It enjoys the composition properties 
under meromorphic maps, useful for a space of observables. In Section 5, 
we give the new construction of \i and in Section 6 its statistical properties. 
Note that the geometric decay of correlations for Henon maps was recently 
proved in [3] using the dd c -method. 

Notations. We will use different subspaces of L 1 (X). Most of them carry a 
canonical (quasi)-norm. For the space C°(X) of continuous functions we use 
the sup-norm, and for the space Lip(X) of Lipschitzian functions the norm 
IUIli + || • II Lip where |M| L i P := sup x ^ y \f(x) - /(y)|dist(x, y)~ l . We use the 
norm ||.||e+ ||.||f for the intersection EnF of E and F and write L p instead 
of LP(X) when there is no confusion. The L p norm of a form is the sum of 
\j> norms of its coefficients for a fixed atlas of X. The topology, that we 
consider, is a weak topology. That is, (p n — > ip in E if (p n — > (f in the sense 
of distributions and (||y?n|U) is bounded. The continuity of linear operators 
A : E — > F is with respect to these topologies of E and F. The inclusion 
map E C L 1 (X) is always bounded for the associated (quasi)-norms and 
continuous in our sense. 
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2 Gordin-Liverani theorem 



Let (X, ji) be a probability space. Let / : X — > X be a measurable map in 
the sense that f(A) and f~ x (A) are measurable for every measurable set A. 
Assume that fi is invariant (/*(//) = fi) and ergodic. The classical Birkhoff 
ergodic theorem says that if <p is in L^/i) then - Y^=o V° P converges almost 
everywhere to (fM,(f). In particular, when is a function in L 1 (/x) such that 
(/i, <p) = 0, then ^ ^"Tq 1 ° / l converges almost everywhere to 0. 

Assume that (ft, if) = 0. Recall that (p is a coboundary if there exists 
a measurable function t/j such that (p — ijj o f — ip. It is easy to check for 
a coboundary <p that ^= Yl^o V 9 ° /* converges to almost surely. We say 
that a real- valued function 6 L 1 ( y u) satisfies the central limit theorem if 

^™T <f° f l converges in law to a Gaussian random variable of zero mean 
and variance a > 0. That is, for every interval Icl, 

lim fi \ -jp= V o f g / I = - 7 =L- [ exp f-^-j ) dx. 

Such a function is not a coboundary. 

Observe that /* acts on L 2 (/i) and preserves the L 2 norm. Hence, we can 
consider the adjoint A of /*, sometimes called the Perron- Frobenius operator. 
Consider now a real- valued function <p e L°°(/x) such that (/i, ^7) = which 
is not a coboundary. The theorem of Gordin-Liverani ^3], [22 pp.59, 67] 
implies that if 

^||A>|| Ll(M) <+oo (1) 

n>0 

then (p satisfies the CLT with 

00 

a 2 = -</i,¥? 2 >+2 5>,^or)>. 

ra=0 

3 Sobolev space 

In this section we recall some properties of the Sobolev space W 1,2 that will 
be used later on, see (THl pp. 23-27]. 
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Consider a compact Riemannian manifold X of dimension m > 2. The 
Sobolev space W 1,2 is the space of real- valued functions ip in L 2 (X) such that 
dip, which is defined in the sense of currents, has L 2 coefficients. 

Let £ denote the Lebesgue measure on X that we normalize by ||£|| = 1. 
Define for each L 1 function ip its mean value m((p) '■— J ipdC We have the 
following Poincare-Sobolev inequality: for every real number p, 1 < p < 
2m/ (m — 2), there exists a constant c > such that 

H \<p-m(<p)\ p dC \ /P <c||d^|| L2 

for every ip G W 1 ' 2 . In particular, this holds for p = 1 or 2. One deduces 
that 

1Mb < \m((p)\ + c\\d(p\\u < 1Mb + 4M\v- (2) 
Hence, W 1,2 C L p . The associated inclusion map is bounded. 

We will prove the following proposition for the reader's convenience, see 

also jaim. 

Proposition 3.1 Let I C X be a compact set whose Hausdorff (m — 1)- 
dimensional measure if m_1 (J) is zero. Let ip be a real-valued function in 
L 1 1 oc (X \ J). Assume that the coefficients of dip are in L 2 (X \ J). Then ip 
belongs to W 1,2 . Moreover, there exist a compact set M C X \ I and a 
constant c > 0, both independent of ip, such that 

IMIlHX) < C (|M| L i(M) + ll<M| L i(X)) • 

Proof. First, assume that ip G L 1 (X). Then dip defines a flat current of 
degree 1 on X 12 . Since dip has coefficients in L 2 (X \ J), dip\x\i defines 
also a flat current on X. It follows that dip — dip\x\i is a flat current of 
dimension m — 1 with support in /. Since H m ~ l (I) = 0, by the support 
theorem |T21 4.1.20], this current vanishes. Hence, dip = dipx\i- Using a 
regularization and the Poincare-Sobolev inequality, we can approach ip in 
L^X) by a bounded sequence (<£>„) C W 1 ' 2 . It follows that ip G W 1 ' 2 . 

Now, it is sufficient to prove the estimate in the proposition. Consider a 
chart D of X that we identify to ] — 2, 2[xB 2 where B r is the ball of center 
and of radius r in R"^ 1 . Consider also the local coordinates x = (xi,x') 
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with x e] — 2, 2[ and x' G B 2 . We can assume that I fl D C < 1} since 
i7 m_1 (J) = 0. Let x be a smooth positive function with compact support in 
] — 2, 2[ such that x = 1 on [ — 1? 1]- We need only to bound the L 1 norm of 
X<p i n ] — 2, 2[xi?i by a multiple of the L 1 norm of d(x<f) in ] — 2, 2[xBi \ I. 

Consider the projection n : D — > B 2 defined by n(x) := x'. Then, 
ti(I fl D) is a closed subset of £? 2 with H m ' 1 (7i(I n -D)) = 0. Hence, since 
V? G L 1 1 oc (X \ /), for almost every a G B 1 , the restriction of XV? an d d(xy?) to 
L a := 7r _1 (a) are of class L 1 . Since {x^p)\L a has compact support in ] — 2,2[, 
we have 

\\(X<P)\L a \\Li <4||d(x^|L || L i. 

The Fubini theorem implies that the L 1 norm of xf on ] — 2, 2[xl? 1 is bounded 
by 4 times the L 1 norm of d(xy?) on ] - 2, 2[x£? 1 \ /. 

□ 

4 A space of test functions 

Let (X, u) be a compact Kahler manifold of dimension k and C := u k . 
We assume that ||£|| = 1. The space of test functions that we consider is 
a subspace W*' 2 of the Sobolev space W 1 ' 2 of X. A real-valued function 
(p G W 1 ' 2 is in W}' 2 if there exists a closed current of bidegree (1,1) on X 
such that id(pAd(p < O. The current is necessarily positive since id(pAd<p 
is positive. We identify two fonctions in W}' 2 if they are equal out of a subset 
of £ measure zero. For ip e W}' 2 define 

:= |m(^)| +inf{||0|| 1/2 , as above}. 

Observe that ||.||» is a quasi-norm. Indeed, the Cauchy-Schwarz inequality 
implies that 

i(<9y? + dip) A (8<p + dip) < 2idip A d<p + 2i<9?/> A dip, 

hence ||y> + ip\\* < v^dMI* + 

A subset of W}' 2 is bounded if ||.||* is bounded on this set. We have 
W}' 2 C W 1,2 C L 2 and the associated inclusion maps are bounded and con- 
tinuous. Observe also that real-valued Lipschitzian functions belong to this 
space and when k = 1 we have W^' 2 = W 1 ' 2 . 

We have the following proposition 
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Proposition 4.1 Let x : K ^ 1 a Lipschitzian function and ip be a 
function in W}' 2 . Then x°f belongs to W}' 2 . In particular, ip + := max(^>, 0), 
ip~ := max(— (p, 0) and \ip\ belong to W}' 2 . Moreover, there exists a constant 
c > independent of <p such that ||y? + ||* < c||y?||* ; ||<£ _ ||* < c||<p||* and 
lllv^lll* — C IMI*- IfVii ^2 are in W}' 2 , we have max(cpi, cp 2 ) e W^ 2 . 

Proof. Since x is Lipschitzian, there exist a > 0, b > such that < 
a + b\x\. We can choose a := x(0) and 6 := ||x||Li P - Then, |x o <p\ < a + b\ip\. 
It follows that x o is in L 2 . We also have 

id(x o (p) A d(x ° V 9 ) = ? '(x' ° ( f) 2 ^ ( P ^ dip < ib 2 dip A dip < b 2 Q 

where 9 is the positive closed current associated to <p. Hence x° V ^ Wl' 2 . 

We can apply this for the functions x( x ) = max(x, 0), max(— x, 0) or |x| 
and for a = 0, b = 1. We obtain that ip + , ip~ , \ip\ belong to Wl' 2 . The esti- 
mates on their norms follow the above inequalities and the Poincare-Sobolev 
inequality (2). For max(</?i, ip 2 ), it is sufficient to write max(</?i, ip 2 ) = 
max(v9i - ip 2 , 0) + <P2- 

□ 

Recall that an L 1 function ip : X — > 1U {— oo} is quasi-plurisubharmonic 
(q.p.s.h. for short) if it is upper semi-continuous and verifies dd c y? > — cuj in 
the sense of currents for some constant c > 0. Note that a q.p.s.h. function 
is defined at every point of X. Such a function belongs to L p for every real 
number p > 1, see [3 12H EH] A subset K of X is called pluripolar if it is 
contained in the pole set {ip = — oo} of a q.p.s.h. function <p. 

Let DSH denote the space generated by q.p.s.h. functions. That is, 
d.s.h. functions can be written, outside a plupripolar set, as (p = ip\ — ip 2 
with pi q.p.s.h. We identify two d.s.h. functions if they are equal outside a 
pluripolar set. If p is d.s.h. then iddip = T + — T~ where T ± are positive 
closed (1, l)-currents. Define a norm on DSH by 

IMIdsh : = \ m v\ +i n f{||^ + ll; ^ ± as above}. 

Observe that since T + and T~ are cohomologous, they have the same mass. 
Recall that the mass of a positive (p, p)-current S is given by \\S\\ = (S, u k ~ p ). 

Lemma 4.2 We have Lip(X) C W^ 2 and DSH n L°° C Wl< 2 . Moreover, 
the corresponding inclusion maps are bounded and continuous. 
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Proof. The inclusion Lip(X) C W}' 2 and the properties of the associated 
map are clear. Recall that we use the norm || . || L i + ||.||Li P for Lip(X). 
Let Lp e DSH n L°° and T ± as above. We have 

2idcp Adcp= iddip 2 - 2(piddcp < iddip 2 + 2\\<p\\ 00 (T + + T~). 

The right hand side is a closed current cohomologous to 4||y9|| 00 T + . Its mass 
is equal to 4||^|| 0O ||T + ||. Hence ip G W* 1 ' 2 . We also deduce that 

IMI* < IMIoc + a/2 || || oo || (/? || dsh- 

It follows that the inclusion map DSH fl L°° C W}' 2 is bounded. The conti- 
nuity follows. 

□ 

Let v be a positive measure on X. We say that v is WPC if its restriction 
to smooth real-valued functions can be extended to a linear form on W}' 2 
which is bounded and continuous with respect to the weak topology we con- 
sider. Let (is, ip)* denote the value of this linear form on ip e W}' 2 . We have 
(is, ip)* = (is, ip) for <p smooth. 

If a continuous function ip can be uniformly approximated by a bounded 
sequence in W*' 2 of smooth functions, then (is,<p)* = (is, <p). If v is given by 
a (k, fc)-form with coefficient in L 2 then v is WPC because W}' 2 C L 2 and 
we can take (is, ip)* = (is, ip). 

In general, we don't know if smooth functions are dense in W}' 2 nor in 
W}' 2 fl C°(X). Hence, we don't know if the extension of fi is unique and a 
priori we don't have (is,<p)* = (is,<p) on W}' 2 fl C°(X). The method, used in 
[Oj to regularize currents, might give the solution to this question. 

The proof of the following proposition is left to the reader. One may 
apply the classical method of regularization using the diffeomorphisms of X 
or the holomorphic automorphisms when X is homogeneous. 

Proposition 4.3 Smooth functions are dense in Lip(X) for the strong topol- 
ogy. In particular, we have (is,ip)* = (is,<p) for is WPC and (p Lipschitzian. 
When k = 1 or X is homogeneous, smooth functions are dense in W*' 2 and 
every function in W}' 2 nC°(X) can be uniformly approximated by a bounded 
sequence in W}' 2 of smooth functions. In these cases, (is,<p)* = (is,(p) holds 
for is WPC and ip in W^ 2 D C°{X) . 
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Lemma 4.4 Let u be a WPC measure and tp be a bounded q.p.s.h. function. 
Then (v, <p)* = (u, ip). 

Proof. We can assume that ip is strictly negative. By Demailly's regular- 
ization theorem there exist negative smooth functions ip n decreasing to 
ip such that iddip n > —cu where c > is independent of n. It follows that 
ip n — > (p in DSH fl L°°(X) for the weak topology that we consider. Lemma 
4.2 implies that ip n — > ip in W}' 2 . Hence 

(u,tp) = lim(z/, (p n ) = lim(i/,<p n )* = (v,(p)*. 

□ 

Proposition 4.5 Let v = a + du + dv be a positive measure on X where a, 
u and v are forms with coefficients in L 2 . Then v is WPC. 

Proof. If ip is smooth, we have 

(u, ip) = (a, ip) + (u, dip) + (v, dip). 

The right hand side can be extended to a continuous linear form on W}' 2 . 
Hence v is WPC. 

□ 

Lemma 4.2 and Proposition 4.5 imply the following corollary. 

Corollary 4.6 Let v = a + idduA/3 be a positive measure on X where a and 
P are closed real-valued continuous forms of bidegree (k, k) and (k — 1, k — 1) 
respectively, and u is a bounded d.s.h. function. Then v is WPC. 

Let Y C X be a Borel set. Define the W-capacity of Y by 

W-cap(y) := sup{u(Y), v a WPC probability measure}. 

Let W^ 2 denote the space of functions <p G W}' 2 which are continuous outside 
a compact set of W-capacity zero. We associate to this space the quasi- 
norm ||.||* and the corresponding topology (see Introduction). We have the 
following proposition. 

Proposition 4.7 If Y is a pluripolar subset of X , then W-cap(F) = 0. In 
particular, countable unions of proper analytic subsets of X have W-capacity 
zero. 
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Proof. Let ip be a q.p.s.h. function such that ip < —4, iddip > —u and 
ip = — oo on Y. Let x De an increasing convex function on K U {— 00} such 
that x = — 3 on [—00, —4], x( x ) = x 011 [ — 2, +oo[ and < x' < 1 011 [ — 4, —2]. 
Define Xn(^) := x( s + n ) — n an d := Xn V 1 - The functions ip n satisfy 
4>n < — 3 and decrease to ip. We have 

iddip n = (x'n ip)idip Adip + (x' n ° ip)iddip > (x' n o ip)iddip > —lo. 

Define </?:=— log(— ■0) and v?n := — log(— Vfo)- The functions v?n decrease 
to tp and satisfy ^ n < — 1. The function ip is in L 2 since ^ < ip < 0. We have 

idip A dip = iip~ 2 dip A dip 

and 

iddp = —iip~ l ddip + iip~ 2 dip A dip- 
It follows that idip Adip < iddip + iip~ x ddip < iddip + u>. The positive closed 
current iddip + u> is cohomologous to u; its mass is equal to 1. The functions 
ip n satisfy a similar inequality. Hence ip n converge to ip in W^' 2 . This and 
Lemma 4.4 imply that 

(v, ip) = lim(i/, ip n ) = lim(z/, <p n ) m = (u, ip)* 

for every WPC measure v. Hence u(Y) = and W-cap(F) = since ip = —00 
on Y. When Y is a proper analytic subset of X, by [7], K is pluripolar. Then 
W-cap(F) = 0. 

□ 

Remark 4.8 (a) Proposition 4.7 shows that the integral (u, ip) makes sense 
for every WPC measure v and every bounded d.s.h. function ip. Such a 
function is defined out of a pluripolar set which has v measure zero. 

(b) The above proof shows that if ip is a strictly negative q.p.s.h. func- 
tion, then the function ip := — log(— ip) is in W}' 2 . The function cp satisfies 
(u, (p)+ = (u, ip) and could be unbounded. 

5 Equilibrium measure 

Let (X, to) be a compact Kahler manifold of dimension k as in Section 4. 
Consider a dominating meromorphic self- map / on X. Let be the inde- 
terminacy set of f n . Define 

d p , n := [ r(cu p )Au k - p . 
Jx\i n 
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In |EJII]]> we proved that the limit d v := lim(<ip in ) 1//n always exists. It is called 
the dynamical degree of order p of / and is a bimeromorphic invariant. The 
last degree dt '■— dk is the topological degree of /. Define 5 n := dk-i, n - For 
example, if / is a meromorphic map in P 2 , 5 n is just the algebraic degree 
of f n . If / is holomorphic in P fc of algebraic degree d, then 5 n = d( k ~ 1 > n , 
dt-i = d k ~ l and d t = d k . 

Let M be the family of positive measures on X which does not charge 
proper analytic sets. If v is such a measure, f n *{v) is well defined and 
||/ n *(i/)|| = <i"||z/|| since f n is locally biholomorphic outside an analytic set 
and a generic fiber of f n contains exactly dp points. 

Let M(a), a > 0, denote the set of probability measures v G M such 
that \(u, (p)\ < ac\\(p\\* for every <p G W}' 2 nL°°(X) which is continuous out of 
an analytic set. By Poincare-Sobolev inequality (2), we have ||v?||l 2 < C IMI*> 
c > 0. Hence, if ||^||l 2 < ac^ 1 then v G M(a). 

The main result of this section is the following theorem. 

Theorem 5.1 Let X and f be as above. Assume that d t > d^_i. Let v n be a 
probability measure in M(a n ). If lim o? n 8 n d"^ n = then d^ n f n *{v n ) converge 
weakly to a measure \i. Moreover, \i does not depend on (z/ n ) and ji is WPC. 

Of course, we have \x = lim d' t ~ n f n * (u k ) . This is the equilibrium measure of 
/. Theorem 5.1 and Proposition 4.7 show that fi does not charge pluripolar 
sets. The previous relation implies that /*(//) = d t \i and /*(//) = \i. 

Consider a Zariski open set Q n of X such that / is locally biholomorphic 
and proper on / -1 (f2 n ). Let 9 be a positive closed current of bidegree (p,p) 
on X. Then we can define B n := (/ n )*(0) on fl n . If this current has finite 
mass, its trivial extension is a positive closed current that we denote by 
(/ n )*(0). The following lemma shows that this is the case, see also |H1E]- 
The choice of Q n is not important. 

Lemma 5.2 There exists a constant c > which depends only on (X,u) 
such that || ©nil < cdjfe_p iTl ||G||. 

Proof. We can assume that ||G|| = 1. The following constants c and d 
depend only on (X,w). By (HI El, there exists a sequence of smooth positive 
(p,p)-forms ty m which converges to a current ^ > 9 and such that \\^ m \\ < d. 
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Hence the classes of ^ m in H P ' P (X, C) are bounded. It follows that there 
exists c > such that cu p — \I/ m is cohomologous to a positive closed form 
for every m. 

Let T n be the graph of f n which is an analytic subset of dimension k of 
X x X. If 7Ti, 7r 2 are the canonical projections of X x X onto its factors and 
[r n ] is the current of integration on T n then the positive closed currents 



are well defined; they have no mass on analytic sets because they have L 1 
coefficients. Since the mass of a positive closed current depends only on its 
cohomology class, we have 



The previous integrals are computed on Zariski open sets where the forms 
are smooth. Finally, we have 



For every point z out of an analytic subset of X, f~ 1 {z) contains exactly 
dt points. We can define the Perron- Frobenius operator on the space of 
mesurable functions by 



Since u n gives no mass to analytic sets, the probability measure d t n f n *{v n ) 
is well defined and we have 



for every ip integrable with respect to f n *(u n ). 

Lemma 5.3 The operator A : W}' 2 — > W^' 2 is well defined, bounded and 
continuous. When (p is in W^ 2 , so is A.(p. 



(FU*m) := (7T 2 )*K*(*m) A [r„]) 




9 n || <limsup||(/ n ),(* m )|| <cd k 



□ 



A<p{z) := d t V*H = j Yl v? ^' 



(d-"r*K),^) = K,A» 
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Proof. Fix a Zariski open set Q where Atp is well defined. The choice of 
Q is not important. Fix also a compact set K C Q big enough. We have 
Ay? G Ll oc (Q) and ||Ay?|| L i (Ar) < c||y?|| L i, c> 0. 

If /* is the restriction of /* to a suitable Zariski open set, the Cauchy- 
Schwarz inequality implies that 

id(A<p) A d(A<p) = ^(dtp) A ftfip) < d; 1 f*(id<p A dip) < d' 1 /*(©) 

where 9 is a positive closed current such that idipAdip < 9 and ||9|| < ||y?|| 2 . 
Lemma 5.2 imply that /*(©) is positive closed and ||/*(0)|| < c5i||y||^. In 
particular, d(Aip) has coefficients in L 2 . Proposition 3.1 implies that Kip G 
W 71 ' 2 and 

IIA^Uli < c'(||A^|| Llw + ||d(A^)|| L2 ) < c"|M|«. 

It follows that the operator A : W}' 2 —> W}' 2 is bounded. The continuity 
follows. 

When ip G W 7 "^ 2 , Lemma 4.7 implies that Ay? G W 7 ^ 2 . 

□ 

Consider a function ip G W 7 * 1 ' 2 . Define c := m(<p), <p := y? — c , c n +i := 
m(Ay? n ) and y? n+ i := Ay? Tt — c n+1 . We have 

A n y? = c H h c n + yv 

Lemma 5.4 There exists a constant A > independent ofip such that \c n \ < 
^IMI*^n-i<^r ( ™ 1)/2 forn>l and ||</? n ||* < A||y?||*( l > n / ' 2 <i~r ri/2 /orn > 0. 

Proof. Let 9 be as above. Define 9 n := c^~ n (/™)*(9). Lemma 5.2 implies 
that || On || < ^4 2 |MI*<Wt~™ where A > is a constant. As in Lemma 5.3, 
we obtain id(p n A d(p n < 0„. Since m(ip n ) = 0, we have ||y? n ||* < 1 1 1 1 1//2 - 
Hence ||ty? n ||* < A||y3|| ;f A„ / ' 2 G^ n//2 . We then deduce from Lemma 5.3 that 
|c„| < ||A<^„_i||* < A||y9|| !l ,5^ / i 2 1 (i" t ~ ( ' n_1 ' ) ^ 2 f° r some constant A > 0. 

□ 

Define c v := J2 n >o c «- Lemmas 5.3 and 5.4 imply that c v depends contin- 
uously on tp G W}' 2 and |c v | < A || </?||* for some constant A > 0. Now, assume 
that ip is smooth. Then y? n G W 7 ^ 2 fl L°°(X) with analytic singularities. The 
hypothesis on u n allows the following calculus 

(rf-"/ n *(z/ n ), ip) = (u n , A» = C + • • • + C n + K, Vn> 
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and Lemma 5.4 implies that (v n , l Pn) tends to 0. Hence (d t ~ n f n * (v n ) , ip) con- 
verges to c<p. It follows that d^ n f n *(v n ) converge weakly to a measure fx 
independent of (i/ n ). This measure fx is defined by 

(fi,ip) : = 

for <p smooth. The measure fx is WPC since we can extend it to a bounded 
continuous linear form on W}' 2 by 

Lemma 5.5 We have (fx, </?)* = (fx, p) for all ip e W^ 2 . 

Proof. We first prove that tp is yU-integrable. By Proposition 4.1, we have 
<p = p + — ip~ with (/? ± > 0, p ± G W 7 ^ 2 and H^H* < C IMI*- Hence, we 
can assume that ip is positive and continuous out of a compact set F of 
W-capacity zero. If K C X \ F is a compact set, the integral of y? on K 
verifies 

(A 4 , V?)/f < hmsup(rf t " n / n *(cj fc ), </?) = lim(c H h c n ) + limsup(u; fc , </? n ) = c v . 

Since //(F) = 0, ip is /i-integrable and (//, ip) < c v < A\\(p\\*. 

Define b n := — ^2 m>n c m and write ip n = p^ — tp~ as in Proposition 4.1 
with (p± >0,(p±e W}i 2 and ||^±|| < c\\<p n \\*. We have (fx, <p± ) < < 
Ac||</? n ||*. Using the properties that fx is WPC and f*(fx) = d t fx, we get 

\(fx,ip) -c^l = \(fx,A n ip - c v )\ < \b n \ + \(fx,ip n )\ 

< \b n \ + 2Ac\\p n \\*. 
Lemma 5.4 implies that the last expression tends to 0. Hence {fx, p) = c v . 

□ 



6 Mixing and central limit theorem 

In this section, we prove the geometric decay of correlations for the meromor- 
phic maps that we are considering. We then deduce, via the Gordin-Liverani 
theorem, the CLT for Lipschitzian observables. 
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Theorem 6.1 Let f be as in Theorem 5.1. Then the equilibrium measure fi 
of f is exponentially mixing in the following sense: there exists a constant 
A > such that 

for any n > and every real-valued functions ip G L°°fo and ip G W}f. 

Proof. Replacing <p by ip — c v , we can assume that c v = fo ip) = 0. Assume 
also that ||<£>||* = 1 and Halloo = 1- The constants Ai and A below do not 
depend on n, ip and ip. 

We keep the notations of the last section. Recall that \\(p n \\* < Ai5n 2 d^ n ^ 2 
and A n Lp = b n + ip n . It is proved in [HUH] that ((c<5 n ) 1//n ) is decreasing for c > 
large enough. Hence, by Lemma 5.4, \b n \ < A 2 Sn 2 d t n ^ 2 . As in Lemmas 5.4 
and 5.5, we get 

(a*,^> = fori)* < MWtW* < A^J 2 d- t n ' 2 . 

We obtain from the relation = c^/i that 

|fo(V°/»| = lfo^A»| 

< \b n \(fl, + IfoV^n)! 

< |6„| + fo i^lri) + 0*, h%;> 

< A 2 5y 2 rf t - n/2 + fori) + (^^) 



□ 



Corollary 6.2 Let / and be as in Theorem 5.1. Let ip be a bounded 
function in W^ 2 such that fo y?) = 0. Then if ip is not a coboundary, it 
satisfies the CLT. In particular, this holds for Lipschitzian functions ip which 
satisfy fo ip) = and are not coboundaries. 

Proof. If fo if) = 0, then 

||A>|| L i (M) = sup |fo^A»|= sup |fo(^o/")^)|. 

IIV»ll°c<l W\oc<l 

Hence, the condition (1) is a direct consequence of Theorem 6.1. We then 
apply the Gordin-Liverani theorem. 

□ 
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Remark 6.3 (a) All results still hold if we replace the closed current in 
the definition of W}' 2 by a <9<9-closed current. The regularization of <9<9-closed 
currents jU] allows to prove an analogue of Lemma 5.2. 

(b) We say that a positive measure v is PC if its restriction to smooth 
real-valued functions can be extended to a linear continuous form on DSH. 
One can prove, using Demailly's regularization theorem as in Lemma 4.4, 
that d.s.h. functions are ^-integrable and the extension of v is equal to the 
integral (v,ip) on <f G DSH. In |7,, we proved that A : DSH — > DSH is 
well defined, bounded and continuous. Using Hartogs lemma, one verifies 
that every if G DSH can be written as if = p + — p~ with > and 
II II dsh < c|M|dshj c > 0- Then, we prove as above that \i is PC and 
exponentially mixing in the sense that 

|(/i, (Vo^-^VX^^I^AHVIIoollvllDSHMr 

for any n > 0, ip G L°°( / u) and if G DSH (see j7J). Hence, bounded d.s.h. 
functions satisfy the CLT. One can construct bounded q.p.s.h. functions 
which are nowhere continuous. They satisfy the CLT. As far as we know, 
this property is new even for rational fractions in one variable. 

(c) The geometric decay of correlations was proved in jH] (see also [T5] ) 
for a large class of polynomial-like maps. This implies the CLT for bounded 
p.s.h. functions. For rational fractions, the same problems were solved for 
Holder observables. See jU 123 121] and the references therein. 

(d) In j2HI, Cantat and Leborgne have announced the CLT for holomor- 
phic endomorphisms of P fe and for Holder continuous observables. Their idea 
is to use the Holder continuity of the Green function of / and a delicate es- 
timate on modulus of annuli in order to apply the Gordin-Livenari theorem. 

Acknowledgments. The first named author thanks Guy David and Jean- 
Christophe Leger for their help during the preparation of this article. 
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